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More than 500 years ago, the Italian Paulo Guarini di Forli created a puzzle
which remained famous throughout centuries.

Problem 1. Four knights, two white and two black, lie in the corner squares
of a 3�3 chessboard (see Figure 1a). Can one swap the white and black knights
in a finite number of moves (Figure 1b)? If this is possible, what is the minimum
number of necessary moves?

Figure 1a Figure 1b Figure 1c

If no chessboard is at hand, we could try drawing a diagram (Figure 1c). We
represent each square by a numbered point and join the pairs of points corre-
sponding to valid moves of the knights with line segments. However, analyzing
this diagram does not look simple. We want, for instance, to move the black
knight in square 1 to square 7 or 9. Let us try 7: we first move from 1 to 6, and
then to 7, but 7 is occupied by the white knight, hence we start by moving the
white knight from 7 to 2, etc.

The key observation is that in such a diagram the absolute position of the
points is irrelevant. What matters is the way they are connected by line seg-
ments. In other words, we can place the 9 points anyway we want on the plane,
making sure though that the line segments join the same pairs of points.

Figure 1d

In this way we can obtain the diagram in Figure 1d, in which the way the
knights move becomes obvious. It is not difficult to see that, in order to swap
the knights’ positions, we must use at least 4 moves for each of them, leading to
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1 INTRODUCTION

a total of at least 16 moves. In the end, the knight in square 1 lands in square
9, 3 in 7, 9 in 1, and 7 in 3.

Let us examine another example. It originates from the 48th Kürschák Com-
petition (Hungary, 1947) but was also problem 2 in the morning session of 1953
"W.L. Putnam Mathematical Competition". Later, the problem was proposed in
American Mathematical Monthly (Problem E1321, vol.65, 1958). Nowadays,
this problem is a common challenge for secondary school students who love
math. We present the version proposed in Monthly:

Problem 2. Prove that at the gathering of any six people, some three of them
are either mutual acquaintances or complete strangers to each other.

A diagram can be useful in this case, as well. Let us represent each person
by a point in the plane and join two points by a red line if the corresponding
persons know each other and by a black line in the opposite case. The pro-
blem asks to prove the existence of a monochromatic triangle (see Figure 2a for
an example of such a diagram, in which BDF and CDF are monochromatic
triangles).

Figure 2a

Figure 2b Figure 2c

Proving this is not difficult. Examine the five line segments for which one
of the endpoints is A: Obviously, by the pigeon hole principle, at least three
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of them share the same color. Let’s suppose, with no loss of generality, that
AC; AD and AF are colored black (Figure 2b). If one of the line segments
CD; DF or CF is also black, then we have a monochromatic triangle (that is,
ACD; ADF; or ACF ). If all three segments are colored red then CDF is a
monochromatic triangle (Figure 2c). Hence, a monochromatic triangle always
exists1.�

What do these two examples have in common? The answer is simple: we
solved each one of them using a diagram in which some points were connected
with some line segments. Such a diagram is called a graph. More precisely,
defining a graph G means considering a non-empty set V whose elements are
called vertices, and a set E of edges, that is, unordered pairs of vertices from V:
We denote the graph by G (V;E) :

Unless otherwise specified, we will only refer to finite simple graphs, that is,
graphs for which the set V of vertices is finite and every pair of vertices is joined
by one edge at most. Also, there are no loops (no self connected vertices).

For each graph, we may think of a geometric image, representing vertices as
points and edges as line segments or arcs connecting some of those points.

For instance, if V = f1; 2; 3; 4; 5g andE = ff1; 2g ; f1; 3g ; f2; 4g ; f2; 5g ; f4; 5gg ;
we can represent the graph G as in figure 3a.

figure 3a figure 3b figure 3c

The exact way these points and lines or arcs are drawn is simply irrelevant.
The important information is which pairs of vertices are joined by an edge and
which are not. A given graph can be represented as a diagram in many different
ways. For instance, figures 3b and 3c above represent the same graph (note that
the intersection of edges AC and BD in figure 3c does not represent a vertex of
the graph).

We will sometimes denote the vertex set of a graph G by V (G) and the edge
set by E (G) : The number of vertices of the graph G (V;E) is the order of G
(denoted by jV j), and the number of edges, the size of G (denoted by jEj).

1Actually, one can prove that at least two monochromatic triangles exist.
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If vertex v is the endpoint of an edge e in the graph G; we say that e is
incident to v: Two vertices joined by an edge (that is, the endpoints of an edge)
are adjacent (or neighboring) vertices. Also, two edges sharing an endpoint are
adjacent. If x and y are adjacent vertices, we will denote the edge fx; yg by xy
or yx:

We will denote by N (v) the set of vertices adjacent to v (the neighbors of
vertex v). Hence v and v0 are adjacent iff v 2 N (v0) or, equivalently, v0 2 N (v) :

Two graphs defining the same vertex connections, but maybe drawn in dif-
ferent manners are called isomorphic. More precisely, two graphs are isomor-
phic if there is a correspondence between their vertex sets that preserves adja-
cency. Two isomorphic graphs have the same order and the same size.

Isomorphic graphs of order 6 and size 9

However, two graphs with the same order and equal size need not be iso-
morphic.

Non isomorphic graphs with order and size 4

The graph G0 (V 0; E0) is a subgraph of G (V;E) if V 0 � V and E0 � E (we
denote this by G0 � G). If G0 contains all the edges of G connecting vertices
from V 0; then G0 is the graph induced by V 0: If E0 = E; then G0 is a spanning
graph of G:

Graph G Subgraph of G Graph induced

by 4 vertices

Spanning

graph
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A graph on n vertices with no edges is an empty graph. One with maximum
number of edges (that is,

�

n
2

�

), is the complete graph Kn: Another important
category is that of bipartite graphs. A graph is bipartite if its vertex set is parti-
tioned into two sets, and every vertex joins vertices from different partite sets.
If in a bipartite graph each vertex is joined to all vertices in the other partite set,
we obtain a complete bipartite graph. If the partite sets havem and n elements,
the graph is denoted by Km;n:

The graphK5 A bipartite graph The bipartite graphK3;4

Many olympiad problems can be solved using graphs. Sometimes, a simple
diagram can be helpful, as we can see in the following example.

Problem 3. Fifty numbers are chosen from the set f1; 2; 3; : : : ; 99g ; no two of

which sum to 99 or 100. Prove that the chosen numbers must be 50; 51; : : : ; 99:
Sankt Petersburg Mathematical Olympiad

Solution. Consider a graph whose vertices are the numbers 1; 2; 3; : : : ; 99:
Join two vertices if the corresponding numbers sum to 99 or 100:We obtain the
graph in the figure below.

Observe that we have obtained a bipartite graph, the partite sets being A =
f1; 2; : : : ; 49g, and B = f50; 51; : : : ; 99g :

Now, if among the 50 chosen numbers we pick k � 1 numbers from A; then
at least k + 1 numbers from B cannot be chosen (since k vertices from A are
connected with at least k + 1 vertices in B). Therefore, we can choose at most
k + 50 � (k + 1) = 49 numbers. We deduce that no number from set A can be
among the 50 chosen one, hence the conclusion.�

One might want to consider an appropriate graph in problems dealing with
people who know each other, or are friends/enemies to each other, or in prob-
lems with roads connecting towns, etc. Let us examine few more examples.
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Problem 4. In a group of n people some are enemies. Prove that they can be

divided into two groups such that for each person, at least half of his/her enemies

lie in the other group.

Solution. It is not difficult to see the graph G (V;E) in this problem. The
vertices are the people, and two vertices are joined by an edge if the respective
persons are enemies. Partition the vertices into two sets X and Y and count
the edges between vertices in different partite sets. Since we can partition V as
V = X [ Y in finitely many ways, consider the partition in which the number
of counted edges is maximal. We claim that the condition of the problem is
fulfilled. Indeed, take a vertex v in X: If v has more enemies in X than in Y;
simply move v to Y (see figure below). This will increase the number of counted
edges (the edges not incident to v are not affected), and that is a contradiction.
Hence, every v in X has at least half of the enemies in Y: The same works for
the vertices in Y; as well.�

Observation. Try to use the same idea in solving problem 1.5 below.

Problem 6. Several people attend a party. Every participant has at least one

friend among the others. Each group of at least three people does not contain

exactly two pairs of friends. Prove that everybody is friends with everybody.

Solution. Suppose the contrary, and let A and B be two people who are
not friends. A must have a friend, say C; and this on cannot be friends with
B; otherwise the group formed by A;B; and C would contain two pairs of
friends. Similarly, B has a friend D; who is not a friend of A: Observe that C
andD cannot be friends, either, otherwise both groups fA;C;Dg and fB;C;Dg
contain exactly two pairs of friends. Finally, reach a contradiction: the group
fA;B;C;Dg contains exactly two pairs of friends.�

Translating the problem, we have a graph in which each vertex is adjacent to
at least another one, and the subgraph induced by three or more vertices does
not contain exactly two edges. We have to prove that the graph is complete.
The reader might want to rephrase the previous solution using graph theory
language.

Proposed problems

Easy/medium

Problem 1.1. Draw the diagrams for the following graphs G (V;E):
a) V = f1; 2; 3; 4g ; E = ff1; 2g ; f1; 3g ; f1; 4gg ;
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b) V = f1; 2; 3; 4; 5; 6g ; E = ff1; 3g ; f3; 5g ; f1; 5g ; f2; 4gg :

Problem 1.2. The complement of a graphG (V;E) is the graphG
�

V;E
�

; such

that for every vertices u; v 2 V; uv 2 E if and only if uv =2 E: Draw the diagrams

of the complements of the graphs in the preceding problem.

Problem1.3. Let G be a n-vertex graph. Prove that jEj+
�

�E
�

� =
�

n
2

�

:

Problem 1.4. Four knights, two white and two black, lie in the corner squares

of a 3� 3 chessboard (see figure a below). Can one move the knights to obtain the

arrangement in figure b? What if there is an "extra" square available on the board

as in figure c?

a b c

Problem 1.5. Any graph G (V;E) has a bipartite subgraph with at least jEj =2
edges.

Medium/hard

Problem 1.6. Seventeen people correspond by mail with one another - each

one with all the rest. In their letters only three different topics are discussed. Each

pair of correspondents deals with only one of these topics. Prove that there are at

least three people who write to each other about the same topic.

IMO 1964

Problem 1.7. Prove that in any party of ten there are three mutual acquain-

tances or four mutual non-acquaintances.

Problem 1.8. In a party with n persons we know that three persons out of

every four are either friends to each other, or strangers to each other. Show that

we can split the party into two groups, where in one group every two persons know

each other and in the other one no two persons know each other.

Mexican Math Olympiad

Problem 1.9. Consider nine points in space, no four of which are coplanar.

Each pair of points is joined by an edge (that is, a line segment) and each edge is

either colored blue or red or left uncolored. Find the smallest value of n such that

whenever exactly n edges are colored, the set of colored edges necessarily contains

a triangle all of whose edges have the same color.

IMO 1992
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2 THE DEGREE OF A VERTEX

2 The degree of a vertex

Let A be one of the vertices of the graph G: We say that the degree of A
equals k, and write this

deg (A) = k;

if exactly k edges are incident to A: For instance, for the graph in figure 3a we
have

deg (A) = deg (B) = deg (D) = deg (E) = 2; deg (C) = 1:

Usually, the vertices are reffered to as odd or even, according to the parity
of their degrees. Thus, the previous graph has one odd and four even vertices.

If deg (A) = 0; the vertex A is an isolated vertex. A vertex with degree one
is a pendant vertex (or a leaf vertex). If all vertices of a graph have the same
degree, the graph is called a regular graph. More precisely, a k-regular graph
is a graph in which all vertices have degree k (see in figures below k-regular
graphs, with k = 1; 2; 3; and 5).

The minimum and maximum degree of a vertex are denoted by � (G) and
�(G) ; respectively. Obviously, for every vertex A, we have

0 � � (G) � deg (A) � �(G) � jV j � 1:

If G is a k-regular graph, then � (G) = � (G) = k:

Regular graphs

Although simple, the concept of vertex degree can be very useful in problem
solving. Examine the next problem.

Problem 1.The entries of a 10 � 10 table are the digits 0; 1; :::; 9; each digit

appearing 10 times. Prove that there exists a row or a column containing at least

4 different digits.

Tournament of Towns

Solution. Let us consider a bipartite graph G = (V;E) ; where V = A [ B
is the set of vertices partitioned into two subsets: A� 10 vertices corresponding
to the 10 digits 0; 1; :::; 9; and B � 20 vertices corresponding to the 10 rows
and 10 columns of the table. An edge connects a digit to a row/column iff the
respective digit is one of the entries of that row/column. See below an example
of such graph in the simpler case of a 3� 3 table.
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Now, let v 2 A be a vertex corresponding to some digit d: This vertex will be
connected to several vertices from the set B: If digit d appears in r rows and c
columns, then deg (v) = r + c, and the occurences of that digit in the array are
among the entries at the intersections of those r rows and c columns. Therefore,
we must have rc � 10: But since r and c are positive integers, it is not difficult
to see that this inequality implies r + c � 7; hence deg (v) � 7; for all vertices
v 2 A: We obtain that G has at least 10 � 7 = 70 edges, therefore there exists at
least one vertex w 2 B with deg (w) � 4 (if deg (w) � 3 for all w 2 B; then the
total number of edges is at most 3 � 20 = 60). Vertex w corresponds to a row (or
column) containing at least four distinct digits.�

Given a graph G; if we write down the degrees of its vertices (usually in
decreasing order), we obtain the degree sequence of that graph. For the graph
below, the degree sequence is 5; 4; 3; 3; 2; 1:

Degree sequence: 5,4,3,3,2,1

It is an interesting task to decide whether a given sequence of non-negative
integers is the degree sequence of some graph. If so, we say that the sequence
is graphical.

Problem 2. Prove that 5; 4; 3; 2; 1; 1 is not graphical.

Solution. If there were a graph with this degree sequence, then the vertex
with degree 5 must be connected to all other vertices, and the vertex with de-
gree 4 to all but one vertex. Thus, the existence of two vertices with degree 1 is
impossible.�

Problem 3. Prove that 5; 4; 4; 3; 2; 1 is not graphical.

Solution. We can try a similar approach, assuming the contrary. The vertex
with degree 5 is connected to all the others, including the two vertices with
degree 4. Each of these two must be also connected to some other three vertices,
different from the vertex with degree 1 (already connected to the vertex of
degree 5). It follows that the vertices with degree 4 must be connected to each
other and to both vertices A and B (see figure below), thus yielding two vertices
with degree 3, which is a contradiction.�
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If you think that the previous solution was rather complicated, then you are
right. There exists a different and much simpler way to prove that the given
sequence is not graphical.

Theorem 1. (Handshaking Lemma) In every graph

X

v2V

deg (v) = 2 jEj :

Proof. We have to show that the sum of degrees of all vertices equals twice
the number of edges. But this is obvious, since when adding up degrees, every
edge is counted twice, one time for each of its endpoints �

Now, the short solution to problem 2: since 5 + 4 + 4 + 3 + 2 + 1 = 19 is an
odd integer, the given sequence is not graphical.

An immediate consequence of the theorem is the following result.
Problem 4. In any graph, the number of odd vertices is even.

Solution. We can rephrase the problem: at a party, some people shook
hands; show that the number of those who shook hands with an odd number of
persons is even (that is why this is also sometimes called handshaking lemma).
The result follows from the following obvious fact: if a sum of several integers
is even, then the number of odd integers among those is even as well.�

Problem 5. At a party, every 2 persons have an odd number of common

acquaintances. Prove that every person has an even number of acquaintances.

Solution. Let P be one of the persons and denote by AP the set of P ’s
acquaintances. We want to prove that jAP j is even. Let Q 2 AP be one of P ’s
acquaintances. P and Q have an odd number of common acquaintances, and,
obviously, all of them belong to AP : Therefore, in the subgraph AP ; Q has an
odd degree. Since Q 2 AP was arbitrarily chosen, we deduce that every vertex
in the graph AP has an odd degree. By the Handshaking Lemma, we infer that
AP has an even number of elements, as desired.�

Problem 6. The 20 members of a local tennis club have scheduled exactly 14

two-person games among themselves, with each member playing in at least one

game. Prove that within this schedule there must be a set of 6 games with 12

distinct players.

USAMO

Solution. We consider the graph in which the vertices represent the persons
and each scheduled game is an edge. Thus, we have a graph with 20 vertices

10
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and 14 edges. Denote by di the degrees of the vertices (i = 1; 2; : : : ; 20); clearly,
di � 1; for all i, since each member is playing in at least one game.

The Handshaking Lemma yields

d1 + d2 + : : :+ d20 = 28:

Now, for each i; at vertex i we erase di�1 incident edges (some edges might
be erased more than once), thus, in the new graph, the degree of each vertex is
at most 1.

Observe that we have erased no more than

d1 � 1 + d2 � 1 + : : :+ d20 � 1 = 28� 20 = 8

edges. At least 6 remained, and all 12 vertices adjacent to them have degree1.
We just found the set of 6 games played by 12 distinct players.�

Erasing edges to obtain pendant vertices

Problem 7. a) Construct a graph with 7 vertices such that the set f4; 6g con-

sists of the degrees of its vertices.

b) Construct a graph with 8 vertices such that the set f1; 3; 5; 7g consists of the

degrees of its vertices.

Solution. a) More generally, given the positive integers m � n, we will
construct a graph with n + 1 vertices such that the degrees of its vertices form
the set fm;ng : For this purpose, partition the vertices into two sets A and B;
with m and n�m+ 1 vertices, respectively.

Construction form=4;n=6

Join every two vertices in A by an edge. Thus, A will be the set of vertices
of the complete graph Km; in which the degree of each vertex equals m � 1:
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Finally, draw all edges with an endpoint in A and the other in B: In this way,
the vertices in A have degreem� 1+ (n�m+ 1) = n; while the degrees of the
vertices in the set B are obviously equal to m:

b) We will construct the graph in two steps. Let v be one of the vertices; in
the end we will have deg (v) = 7: Partition the rest of 7 vertices into two subsets
A and B with 5 and 2 vertices, respectively.

Use the method described at point a) to construct a graph with vertices
in A such that the degrees of vertices form the set f2; 4g : Finally, join v with
every other vertex. Clearly, deg (v) = 7; the vertices in B have degree 1 (they
are connected only to v), and the degrees of vertices in A will form the set
f2 + 1; 4 + 1g = f3; 5g :�

Problem 8. Prove that for any positive integer n � 2; the sequence

n; n; n� 1; n� 1; : : : ; 2; 2; 1; 1

is graphical.

Solution. We induct on n: The base cases are clear. If n is even, say n = 2k;
then consider two new vertices u and v (figure a below). Connect them with
the vertices with degrees k + 1; k + 2; : : : ; 2k (as in figure b) and also, connect
u and v to each other. The degree sequence of the new graph is 2k + 1; 2k +
1; 2k; 2k; : : : ; 1; 1:

a b

The case n odd is similar and left to the reader.
Second solution. We again induct on n; this time regardless of its parity.

Consider a graph with degree sequence n; n; : : : ; 2; 2; 1; 1; and two extra vertices,
v and w (figure a below). Join v with one of the vertices with degree n; n �
1; : : : ; 2; 1; and join v with w as well (figure b). The resulting graph is the
desired one.
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a b

Third solution. No induction this time: let Ak; Bk; k = 1; 2; : : : ; n be the
vertices of the graph. Join Ai with Bj with an edge if and only if i+ j > n: It is
not difficult to check that the graph thus obtained satisfies the condition of the
problem. See below examples for n = 4 and n = 5:�

Problem 9. Let n be an even positive integer, and let G (V;E) be an n-vertex

graph with exactly n2

4 edges. An unordered pair of distinct vertices fx; yg is said to

be amicable if they have a common neighbor (there is a vertex z such that xz and

yz are both edges). Prove that G has at least 2
�

n=2
2

�

unordered pairs of vertices

which are amicable.

USA Team Selection Test, 2014

Solution. Let v be a vertex and w one of its neighbors. The vertices (distinct
from v) adjacent to w form amicable pairs with v (the pairs fv; wig ; with i =
1; 2; 3; 4 in figure a). Their number equals deg (w) � 1: Taking into account all
"neighbors of its neighbors" (see figure b), we might think that the requested
number N satisfies

2N =
X

v2G

X

w2N(v)

(deg (w)� 1) :

We may, however, overcount some pairs in this way (figure c).

a b c

So, in order to have a lower estimate, for each vertex consider the neighbor
with maximal degree:

2N �
X

v2G

�

max
w2N(v)

deg (w)� 1

�

=
X

v2G

max
w2N(v)

deg (w)� n:
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2 THE DEGREE OF A VERTEX

Now, the trick: the maximal degree of the neighbors of v is no less than their
average degree, that is,

max
w2N(v)

deg (w) �
1

deg (v)

X

w2N(v)

deg (w) =
X

w2N(v)

deg (w)

deg (v)
:

We have obtained

2N + n �
X

v2G

X

w2N(v)

deg (w)

deg (v)
:

Finally, observe that regrouping terms (and usingab +
b
a � 2), yields

2N + n �
X

vw2E

�

deg (w)

deg (v)
+
deg (v)

deg (w)

�

� 2 jEj =
n2

2
;

hence

N �
n (n� 2)

4
= 2

�

n=2

2

�

:

Proposed problems

Easy/Medium

Problem 2.1. Prove that it is impossible to have a group of nine people at a

party such that each one knows exactly five of the others in the group.

Problem 2.2. Prove that in the graph G (V;E) we have

� (G) �
2 jEj

jV j
� �(G) :

Problem 2.3. Let G be a regular graph with n vertices and 24 edges. Find all

possible

values of n and give examples of G in each case.

Problem 2.4. Let G be a k-regular graph, where k is an odd integer. Prove

that jEj is divisible by k:

Problem 2.5. Let G be a graph with n vertices and e edges. Assume that the

degree of each vertex of G is either k or k + 1. Show that the number of vertices of

degree k in G equals (k + 1)n� 2e:

Problem 2.6. Prove that the following sequences are not graphical:

a) 5; 5; 5; 5; 5; 3;

14



2 THE DEGREE OF A VERTEX

b) 1; 1; 1; 2; 3; 5; 6; 6; 7; 9:

Problem 2.7. A graph in which every two vertices have different degrees is

called perfect. Prove that no perfect graphs exist.

Problem 2.8. Prove that in any party of nine there are three mutual acquain-

tances or four mutual non-acquaintances.

Medium/Hard

Problem 2.9. There are 25 students in Peter’s class (not counting him). Peter

has observed that all 25 have different numbers of friends in this class, each having

at least one friend. How many friends does Peter have in this class?

Tournament of Towns

Problem 2.10. An even number of persons attended a party, in which some

people are aquainted to each other, some are not. Prove that there are two persons

having an even number of common aquaintances.

Russia

Problem 2.11. Determine the smallest integer k for which there exists a graph

with 25 vertices such that every vertex is adjacent to exactly k others, and any two

nonadjacent vertices are both adjacent to some third vertex.

Vietnam

Problem 2.12. Let d1; d2; : : : ; dn be positive integers such that

1 � d1 < d2 < : : : < dn:

Prove that there exists a graph with m = dn + 1 vertices, such that the set

fd1; d2; : : : ; dng consists of the degrees of its vertices.

China

Problem 2.13. There are n people at a party, some being friends, some

strangers. It is given that every two strangers have exactly two common friends,

and every two friends have no common friends. Show that everyone has the same

number of friends at that party.

Moscow Math Olympiad
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