
SELECTION TEST FOR THE JUNIOR BMO

First selection test

Problem 1. Let a and b be integer numbers. Show that there exists a unique

pair of integers x, y so that

(x+ 2y − a)2 + (2x− y − b)2 6 1.

Adrian Zahariuc

Problem 2. Consider a trapezoid ABCD with the bases AB and CD so that

the circles with the diameters AD and BC are secant; denote by M and N their

common points. Prove that the intersection point of the diagonals AC and BD

belongs to the line MN .

Severius Moldoveanu

Problem 3. A rectangular cardboard is divided successively into smaller pieces

by a straight cut; at each step, only one single piece is divided in two. Find the

smallest number of cuts required in order to obtain -among others- 251 polygons

with 11 sides.

Marian Andronache

Second selection test
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Problem 4. Find all integers n, n > 4 such that [
√
n] + 1 divides n − 1 and

[
√
n]− 1 divides n+ 1.

Marian Andronache

Problem 5. Let ABCD be a convex quadrilateral. The incircle ω1 of triangle

ABD touches the sides AB,AD at points M,N respectively, while the incircle

ω2 of triangle CBD touches the sides CD,CB at points P,Q respectively. Given

that ω1 and ω2 are tangent, show that:

a) The quadrilateral ABCD is circumscriptible.

b) The quadrilateral MNPQ is cyclic.

c) The incircles of triangles ABC and ADC are tangent.

Vasile Pop

Problem 6. Let ABC be an acute-angled triangle with AB = AC. For any

point P inside the triangle ABC consider the circle centered at A with radius AP

and let M and N be the intersection points of the sides AB and AC with the circle.

Determine the position of the point P so that MN +BP + CP is minimum.

Francisc Bozgan

Third selection test

Problem 7. Let ABC be a triangle. Points M,N,P are given on the sides

AB,BC,CA respectively so that CPMN is a parallelogram. Lines AN and MP

intersect at point R, lines BP and MN intersect at point S, while Q is the inter-

section point of the lines AN and BP . Show that S[MRQS] = S[NQP ].

Mircea Lascu

Problem 8. Solve in positive integers the equation:

(x2 + 2)(y2 + 3)(z2 + 4) = 60xyz.
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Flavian Georgescu

Problem 9. Consider a n × n array divided into unit squares which are ran-

domly colored in black or white. Three of the four corner squares are colored in

white and the fourth is colored in black. Prove that there exists a 2 × 2 square

which contains an odd number of white squares.

Livia Ilie

Problem 10. Suppose a, b, c are positive real numbers satisfying:

1

a+ b+ 1
+

1

b+ c+ 1
+

1

c+ a+ 1
> 1.

Show that

a+ b + c > ab+ bc+ ca.

Andrei Ciupan

Fourth selection test

Problem 11. Find all non-empty subsets A of the set {2, 3, 4, 5, . . .} so that

for any n ∈ A, both n2 + 4 and [
√
n] + 1 also belong to A.

Lucian Ţurea

Problem 12. Circles ω1 and ω2 intersect at points A and B. A third circle ω3,

which intersects ω1 at points D and E, is internally tangent to ω2 at point C and

tangent to the line AB at point F , and lines DE and AB meet at point G. Let H

be the mirror image of F across G. Calculate the measure of the angle ∠HCF.

Lucian Ţurea
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Problem 13. Consider the numbers from 1 to 16. A solitaire game is played

in the following manner: the numbers are paired and each pair is replaced by

the greatest prime divisor of the sum of the numbers in that pair - for example,

(1, 2); (3, 4); (5, 6); . . . ; (15, 16) produces the sequence 3,7,11,5,19,23,3,31. The

game continues similarly until one single number is left. Find the greatest possible

value of the number which ends the game.

Adrian Stoica

Problem 14. Determine all positive integers n which can be represented in the

form

n = [a, b] + [b, c] + [c, a]

where a, b, c are positive integers.

Note: [p, q] is the lowest common multiple of the integers p and q.

Adrian Zahariuc

Fifth selection test

Problem 15. Let ρ be a semicircle of diameter AB. A parallel line to AB

intersects the semicircle in C and D so that points B and C lie on opposite sides

of the line AD. The parralel line from C to AD meets ρ again at point E. Lines

BE and CD meet at point F and the parralel line from F to AD intersects AB at

point P . Prove that the line PC is tangent to the semicircle ρ.

Cosmin Pohoaţă

Problem 16. Prove that

x3 + y3 + z3

3
> xyz +

3

4
|(x − y)(y − z)(z − x)|,

for any real numbers x, y, z > 0.
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Viorel Vı̂jı̂itu

Problem 17. Eight persons attend a party, and each participant has at most

three others to whom he/she cannot speak. Show that the persons can be grouped

in 4 pairs so that each pair can converse.

Mihai Bălună

Problem 18. A set of points is called free if there is no equilateral triangle

whose vertices are among the points in the set. Show that any set of n points in the

plane contains a free subset of at least
√
n points.

Călin Popescu

Sixth selection test

Problem 19. A 8 × 8 square board is divided into 64 unit squares. A “skew-

diagonal” of the board is a set of 8 unit squares with the property that each row

or column of the board contains only one unit square of the set. Checkers are

placed in some of the unit squares so that each “skew-diagonal” has exactly 2

squares occupied by checkers. Prove that there exist two rows or two columns

which contain all the checkers.

Dinu Şerbănescu

Problem 20. Let 1 6 m < n be positive integers, and consider the set M =

{(x, y);x, y ∈ N∗, 1 6 x, y 6 n}. Determine the least value v(m,n) with the

property that for any subset P ⊆ M with |P | = v(m,n) there exist m+1 elements

Ai = (xi, yi) ∈ P , i = 1, 2, . . . ,m + 1, for which the values xi are all distinct,

and yi are also all distinct.

Vasile Pop
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Problem 21. Let ABC be a triangle right-angled at A and let D be a point

on the side AC. Point E is the mirror image of A across BD and point F is the

intersection of the line CE with the perpendicular line from D to CB. Show that

the lines AF,DE and CB are concurrent.

Dinu Şerbănescu

Problem 22. An irrational number x, 0 < x < 1 is called suitable if its first 4

decimals in the decimal representation are equal. Find the smallest positive integer

n such that any real number t, 0 < t < 1 may be written as a sum of n distinct

suitable numbers.

Lucian Ţurea

Solutions

Problem 1. Let a and b be integer numbers. Show that there exists a unique

pair of integers x, y so that

(x + 2y − a)2 + (2x− y − b)2 6 1.

Solution. Solving for a and b the system of equations
{

x+ 2y − a = s

2x− y − b = t,

one has
{

x = (a+2b)+(s+2t)
5

y = (2a−b)+(2s−t)
5 .

Restating the claim, one has to prove that there exists a unique pair of integers

s, t ∈ Z with s2+t2 6 1 so that both numbers (a+2b)+(s+2t),(2a−b)+(2s−t)

are divisible by 5.

Notice that (a+ 2b) + (s+ 2t) + 2[(2a− b) + (2s− t)] = 5(a+ s), so

x ∈ Z ⇔ y ∈ Z.

Since s2+t2 6 1 ⇔ (s, t) ∈ {(0, 0), (1, 0), (0, 1), (−1, 0), (0,−1)}, it follows

that (a+2b)+ (s+2t) ∈ {a+2b− 2, a+2b− 1, a+2b, a+2b+1, a+2b+2},

so there is exactly one pair (s, t) with 5 | (a+ 2b) + (s+ 2t), as needed.
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Problem 2. Consider a trapezoid ABCD with the bases AB and CD so that

the circles with the diameters AD and BC are secant; denote by M and N their

common points. Prove that the intersection point of the diagonals AC and BD

belongs to the line MN .

Solution. Let Q be the intersection point of the diagonals, T the second point

of intersection of the line AC with the circle C1 of diameter AD and S the second

point of intersection of the line BD with the circle C2 of diameter BC. Then

∠ATD = ∠BSC = 90◦, so DT and SC meet in the orthocenter H of the

triangle DQC. Denote by C3 the circle DCTS.

The radical axis of the circles C1,C2 is MN , the radical axis of the circles

C1,C3 is DT , while the pair of circles C2,C3 has SC as radical axis, hence the

radical center of the three circles is H .

The line segment MN is the common chord of the circles C1 and C2, thus

perpendicular to the line passing through the centers, which is in fact the middle

line of the trapezoid. As H ∈ MN , then MH‖DC, and since QH‖DC the

conclusion follows.

Problem 3. A rectangular cardboard is divided successively into smaller pieces

by a straight cut; at each step, only one single piece is divided in two. Find the

smallest number of cuts required in order to obtain -among others- 251 polygons

with 11 sides.

Solution. Let n be the required number. We claim that n = 2007.

With 7 cuts, from the given rectangular piece one can obtain an 11-sided poly-

gon and some triangles. From a triangle,with 8 cuts one can get an 11-sided poly-

gon and some extra pieces, sufficiently enough to continue the same procedure.

Hence, using 7 + 8 · 250 = 2007 cuts one can obtain the 251 requested 11-sided

polygons.

Denote by k the number of pieces left at the end which are not 11-sided poly-

gons and notice that each has at least 3 sides. Now, observe that with each cut

the number of pieces increases by 1 and total the number of vetices increases with

at most 4 - actually, with 2,3 or 4, according to the number of existent vertices

through which the cutting line passes.
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Then n = k+250 and 4n+4 > v > 11 ·251+3k, where v is the total number

of vertices of all polygons at the end. Hence 4n+ 4 > 11 · 251 + 3(n − 250) =

2011 + 3n, so n > 2007, as claimed.

Problem 4. Find all integers n, n > 4 such that [
√
n] + 1 divides n − 1 and

[
√
n]− 1 divides n+ 1.

Solution. Let m = [
√
n]. Since n > 4, then m > 2 is an integer. We have

m2 6 n < (m+ 1)2, so m2 6 n 6 m2 + 2m.

Set n = m2 + k, k = 0, 1, 2, . . . , 2m. From m − 1 | m2 + k − 1 we get

m− 1 | k. On the other hand k < 2(m+ 1), thus k = 0 or k = m+ 1.

If k = 0, from m− 1 | m2 + 1 follows m− 1 | 2, so m = 2 or m = 3, hence

n = 4 or n = 9.

If k = m+1, then m− 1 | m2 +m+2 = m2 − 1+m− 1+ 4, so m− 1 | 4.

We obtain m = 2, 3 or 5, hence n = 7, 13 or 31.

Therefore n ∈ {4, 7, 9, 13, 31}.

Problem 5. Let ABCD be a convex quadrilateral. The incircle ω1 of triangle

ABD touches the sides AB,AD at points M,N respectively, while the incircle

ω2 of triangle CBD touches the sides CD,CB at points P,Q respectively. Given

that ω1 and ω2 are tangent, show that:

a) The quadrilateral ABCD is circumscriptible.

b) The quadrilateral MNPQ is cyclic.

c) The incircles of triangles ABC and ADC are tangent.

Solution. Let T ∈ BD be the tangency point of the incircles of the triangles

ABD and CBD. Notice that BM = BT = BN and DN = DT = DM.

a) We have AB+CD = AM+MB+CP+PD = AN+BQ+CQ+DN =

AD +BC, so the quadrilateral ABCD is circumscriptible.

b) TrianglesAMN,DNP,CQP,BQM are isosceles, so ∠QMN+∠NPQ =

360◦ − (∠AMN + ∠BMQ + ∠QPC + ∠NPC) = 360◦ − 1
2 (4 · 180◦ − A −

B − C −D) = 180◦, hence the quadrilateral MNPQ is cyclic.
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c) Let U be the point where the side AC touches the incircle of triangle ABC.

Since AB − BC = AD − DC, then AU = AB+AC−BC
2 = AD+AC−DC

2 , so

U is also the tangency point of the side AC with the incircle of triangle ADC, as

needed.

Problem 6. Let ABC be an acute-angled triangle with AB = AC. For any

point P inside the triangle ABC consider the circle centered at A with radius AP

and let M and N be the intersection points of the sides AB and AC with the circle.

Determine the position of the point P so that MN +BP + CP is minimum.

Solution. For a fixed point P inside the given triangle consider the point Q

on the bisector line of BC so that AQ = AP. The parallel line d from Q to BC

separates the arc MN and the side BC, so D meets the line segment [BP ] at a

point, say S. The triangle’s inequality gives SP + PC > SC, so BP + PC >

BS + SC. On the other hand, with an argument frequently refer to as Heron’s

problem we have BS + SC > BQ +QC, so BP + PC is minimum if P = Q.

Let T be the midpoint of the segment MN . Notice that triangle AMQ is

isosceles and MT is an altitude in this triangle, hence MT = QZ , where Z is the

foot of the altitude from Q onto AC. Then MN +BQ+QC = 2(MT +CQ) =

2(CQ + QZ) is minimum when CZ⊥AC. Consequently, the required point is

the orthocenter of the triangle ABC, which belongs to the interior of the triangle,

since it is an acute-angled one.

Problem 7. Let ABC be a triangle. Points M,N,P are given on the sides

AB,BC,CA respectively so that CPMN is a parallelogram. Lines AN and MP

intersect at point R, lines BP and MN intersect at point S, while Q is the inter-

section point of the lines AN and BP . Show that S[MRQS] = S[NQP ].

Solution. Let k = AM
AB

. Using Thales theorem, MP‖BC yields AP
AC

= k,

while MN‖AC implies MS
MN

= k. On the other hand, CN
BC

= PR
PM

= k.

Setting S = area[MNP ], we have

area[MSP ]

S
=

MS

MN
=

RP

PM
=

area[NPR]

S
,
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hence area[MSP ] = area[NPR]. Subtracting area[RPQ] from both sides of the

latter equality we get the conclusion.

Problem 8. Solve in positive integers the equation:

(x2 + 2)(y2 + 3)(z2 + 4) = 60xyz.

Solution. At first, notice that (x−1)(x−2) > 0 for all x ∈ N, (y−1)(y−3) >

0 if y ∈ N \ {2} and (z − 1)(z − 4) > 0 when z ∈ N \ {2, 3}. In other words,

if y 6= 2 and z /∈ {2, 3}, then x2 + 2 > 2x, y2 + 3 > 3y and z2 + 4 > 4z.

Multiplying the above inequalities yields (x2 + 2)(y2 + 3)(z2 + 4) > 60xyz, so

in all three inequalities the equality must occur. Until now we have the solutions:

(x, y, z) = (1, 1, 1), (1, 1, 4), (1, 3, 1), (2, 1, 1), (2, 3, 1), (2, 1, 4), (1, 3, 4), (2, 3, 4).

We claim the there are no more solutions. For this, we will show that if z = 2 or

z = 3 or y = 2, there are no integers satisfying the given equation.

The quadratic residues modulo 5 are 0,1,4, so 5 do not divide neither x2 + 2

nor y2 + 3. Since 5 divides 60xyz, it follows that 5 divides z2 + 4, hence z ∈
{5k ± 1 | k ∈ Z}. As a consequence, z 6= 2 and z 6= 3.

If y = 2, the equation rewrites as 120xz = 7(x2 +2)(z2 +4), from which we

may notice that 8 divides (x2 + 2)(z2 + 4). If x, z are even integers, then x2 + 2

is even and z2 + 4 is divisible by 4, but 4 ∤ x2 + 2 and 16 ∤ z2 + 4, so the power

of 2 in the right-hand side is at most 4, while in the left hand-side is at least 5,

a contradiction. If only one of the numbers x and z is even, the contradiction is

reached similarly. Hence y 6= 2 and the only solutions of the equation are the ones

previously obtained.

Problem 9. Consider a n × n array divided into unit squares which are ran-

domly colored in black or white. Three of the four corner squares are colored in

white and the fourth is colored in black. Prove that there exists a 2 × 2 square

which contains an odd number of white squares.
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Solution. Assign the number 0 to each white square and the number 1 to each

black square. The claim is achieved if we prove the existence of a 2 × 2 square

with an odd sum of the 4 numbers inside.

Assume the contrary, so each sum of the 4 numbers inside a 2 × 2 square is

even. Summing over all squares we get an even number S. Notice that each square

not sharing a common side with the given array occurs 4 times in S, the squares

with only a common side occurs twice, while the 4 squares in the corners only

once. But in the four corners there are three 0’s and one 1, so the sum S is even, a

contradiction.

Remark. The given array may have a rectangular form, and the above solution

requires no alteration. However, this remark can easily lead to alternative solutions

using induction. Here is a sketch: choose a row with 0 and 1 at endpoints and call it

the first row. Suppose that the number below 0 is also 0; arguing by contradiction,

we notice that all “doubletons” formed vertically from the first two rows have equal

numbers inside, so the second row - which starts with 0 - ends with 1. Deleting

the first row of the given rectangular array, the claim is reached by induction. The

same line of reasoning is applied to the case when below 0 the number is 1.

Problem 10. Suppose a, b, c are positive real numbers satisfying:

1

a+ b+ 1
+

1

b+ c+ 1
+

1

c+ a+ 1
> 1.

Show that

a+ b + c > ab+ bc+ ca.

Solution. The Cauchy-Schwarz inequality gives

(a+ b+ 1)(a+ b+ c2) > (a+ b+ c)2,

so
∑

cyc

a+ b+ c2

(a+ b+ c)2
>

∑

cyc

1

a+ b+ 1
> 1.

Then

2
∑

cyc

a+
∑

cyc

a2 > (a+ b+ c)2 =
∑

cyc

a2 + 2
∑

cyc

ab,

and the claim follows immediately.
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Problem 11. Find all non-empty subsets A of the set {2, 3, 4, 5, . . .} so that

for any n ∈ A, both n2 + 4 and [
√
n] + 1 also belong to A.

Solution. We claim that A = {2, 3, 4, 5, . . .}.

Let m be the smallest element of the set A. Since [
√
m] + 1 ∈ A, we have

m 6 [
√
m] + 1 6

√
m+ 1, which gives m = 2.

Notice that [
√
n2 + 4] = n for all n > 2. Indeed, n2 6 n2 + 4 < (n+ 1)2 =

n2 + 2n+ 1, for all n > 2. Using both hypothesis, we have

n ∈ A ⇒ n2 + 4 ∈ A ⇒ [
√

n2 + 4] + 1 ∈ A ⇒ n+ 1 ∈ A.

The conclusion follows by induction.

Problem 12. Circles ω1 and ω2 intersect at points A and B. A third circle ω3,

which intersects ω1 at points D and E, is internally tangent to ω2 at point C and

tangent to the line AB at point F , and lines DE and AB meet at point G. Let H

be the mirror image of F across G. Calculate the measure of the angle ∠HCF.

Solution. Line AB is the radical axis of the circles ω1 and ω2, and line DE is

the radical axis of the circles ω1 and ω3, hence point G is the radical center of the

three circles. Since the radical axis of the circles ω3 and ω2 is the tangent line at C

to these circles, it follows that the tangents from G to ω−3 are GF and GC. Then

GF = GC and GH = GF , so the triangle HCF is right-angled at C. Therefore

∠HCF = 90◦.

Problem 13. Consider the numbers from 1 to 16. A solitaire game is played

in the following manner: the numbers are paired and each pair is replaced by

the greatest prime divisor of the sum of the numbers in that pair - for example,

(1, 2); (3, 4); (5, 6); . . . ; (15, 16) produces the sequence 3,7,11,5,19,23,3,31. The

game continues similarly until one single number is left. Find the greatest possible

value of the number which ends the game.
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Solution. Let a♥b be by the greatest prime divisor of a+ b.

At first, notice that from the initial 16 numbers we obtain 8 primes. The largest

prime that can be obtained is 31=15♥16; if this number occurs, the second largest

can be 23=11♥12. Otherwise, 29 may occurs twice, from 16♥13 and 15♥14,

followed by 19 - or lower.

From the stage when we are left with 8 primes, and after pairing them we get

4 primes. If a prime is obtained from two odd primes a and b, then a♥b 6 a+b
2 .

If else, at least one is 2 and let p be the other. The number p + 2 is prime only if

p ∈ {3, 11, 17, 29}.Therefore, if p and q are prime with p 6 q, then p♥q 6 q+2.

We will prove the the largest number which can end the game is 19. One

example to obtain it is exhibit below:

(1, 8); (2, 7); (9, 16); (10, 15); (3, 14); (4, 13); (5, 12); (6, 11)

→ 3, 3, 5, 5, 17, 17, 17, 17

(3, 3); (5, 5); (17, 17); (17, 17)→ 3, 5, 17, 17

(3, 5); (17, 17) → 2, 17

(2, 17) → 19.

Now, we have to show that the game cannot end with a number strictly greater

than 19. Since from the second stage the number cannot increase with more than

2, and since 31♥2 = 11, we derive that the game will end with a prime p 6 31.

Suppose by contradiction that p ∈ {23, 29, 31}.

If p = 29, as 29 is not sum of two primes, then p is obtained from two of 29.

In the previous stage four 29’s are needed, then in the second stage eight 29’s are

required, in contradiction with an initial observation. Moreover, we have obtained

a stronger result: 29 cannot end the game and cannot occur even in the last pair,

since after 2 steps at most one 29 may occur.

Suppose that p = 31. Two cases are possible: 31 = 2♥29 or 31 = 31♥31. The

latter result forbids the first case, while the second case requires that the last four

numbers are 31,31,31,31 or 31,31,29,2. But among the 8 primes obtained after the

first step we have at most two 29’s or one 31, not enough to produce three 31’s or

two 31’s and one 29.

Assume that p = 23. Again two cases are possible: 23 = 29♥17 or 23 =

23♥23. The first case is impossible as shown above, while the second case is
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allowed if the last four primes are 23,23,23,23 or 29,17,23,23. If all primes are 23,

the previous step has eight numbers with the average of 23, which is a contradiction

with

8 · 23 < 1 + 2 + 3 + . . . 16 = 8 · 17.

The second case lead similarly to contradiction, since 29 requires two 29’s and the

pair of 23’s are given by four numbers with the sum 4 · 23:

2 · 29 + 4 · 23 = 150 < 1 + 2 + . . .+ 16 = 136.

The solution is now complete.

Problem 14. Determine all positive integers n which can be represented in the

form

n = [a, b] + [b, c] + [c, a]

where a, b, c are positive integers.

Note: [p, q] is the lowest common multiple of the integers p and q.

Solution. Any integer which can be represented as described in the problem

will be called good.

Setting b = c = 1 yields [a, b] + [b, c] + [c, a] = a + 1 + a = 2a+ 1, hence

any odd integer is good.

Notice that [2x, 2y] = 2 · [x, y]. Therefore, if n can be represented as [a, b] +

[b, c]+[c, a], then 2n writes as [2a, 2b]+[2b, 2c]+[2c, 2a] = 2([a, b]+[b, c]+[c, a]),

thus all integers with are not powers of 2 are good.

We claim that all numbers of the form 2k, k ∈ N are not good. For k = 0

and k = 1 this is obvious, as [a, b] + [b, c] + [c, a] > 1 + 1 + 1 = 3. If k > 2,

suppose by contradiction that there exist a, b, c as needed. Let a = 2A · a1, b =

2B ·b1, c = 2C ·c1, where a1, b1, c1 are odd. Without loss of generality, assume that

A > B > C. Then 2k = [a, b]+[b, c]+[c, a] = 2A·([a1, b1]+[a1, c1])+2B·[b1, c1].
Dividing by 2B, k > B yields 2k−B = 2A−B · ([a1, b1] + [a1, c1]) + [b1, c1]. But

[a1, b1] + [a1, c1] is even and [b1, c1] is odd, contradiction.
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Problem 15. Let ρ be a semicircle of diameter AB. A parallel line to AB

intersects the semicircle in C and D so that points B and C lie on opposite sides

of the line AD. The parralel line from C to AD meets ρ again at point E. Lines

BE and CD meet at point F and the parralel line from F to AD intersects AB at

point P . Prove that the line PC is tangent to the semicircle ρ.

Solution. A “special” position occurs when ∠CAB = 60◦, when C = E =

F . In this case the claim is obvious.

Consider the case ∠CAB > 60◦, where E belongs to the small arc
⌢
C D

and F lie on the segment CD. Notice that ∠PFC = ∠ADC = ∠BCD, hence

the trapezoid PBFC is isosceles. On the other hand, as CD‖AB and CE‖AD,

it follows that the arcs AC,BD,DE are equal. Then ∠EFC =
⌢
CE+

⌢
BD =

⌢
CE+

⌢
DE =

⌢
CD = ∠P ′CD, where P ′ ∈ PC,C ∈ (PP ′). The last equality

proves the conclusion.

Slight changes in notations are required for the case ∠CAB < 60◦.

Problem 16. Prove that

x3 + y3 + z3

3
> xyz +

3

4
|(x− y)(y − z)(z − x)|,

for any real numbers x, y, z > 0.

Solution. Let p = |(x− y)(y − z)(z − x)|. Recall the identities:

x3 + y3 + z3 − 3xyz = (x+ y + z)(x2 + y2 + z2 − xy − yz − zx)

and

x2 + y2 + z2 − xy − yz − zx =
1

2
[(x − y)2 + (y − z)2 + (z − x)2].

Using AM-GM inequality, we have

x2 + y2 + z2 − xy − yz − zx >
3

2
3

√

p2. (1)

On the other hand, since |x− y| 6 x+ y, |y− z| 6 y + z and |z − x| 6 z + x, it

follows that

2(x+ y + z) > |x− y|+ |y − z|+ |z − x|.
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Applying again the AM-GM inequality gives

2(x+ y + z) > 3 3
√
p, (2)

and the claim follows from the inequalities (1) and (2).

Problem 17. Eight persons attend a party, and each participant has at most

three others to whom he/she cannot speak. Show that the persons can be grouped

in 4 pairs so that each pair can converse.

Solution. Consider an arbitrary grouping in pairs. A pair in which the persons

cannot speak will be called “bad”. If there are bad pairs, we prove that some

changes can be made to decrease to number of bad pairs. Applying this at most 4

times exhibit a grouping with no bad pairs, and we are done.

Label the pairs A,B,C,D and the persons in pair X by X1 and X2. Two

persons that cannot converse are called “enemies”, otherwise “friends”. Assume

that A is a bad pair. Beside A1, the person A2 has at most two other enemies. Two

cases arise:

a) If the other enemies of A2 belong to the same pair - call it B, then A1 has at

least a friend among C1, C2, D1, D2.

Choose C1 as a friend of A1 and swap A1 with C2. The new pairs A and C are

good, and the claim is satisfied.

b) If not, in al least one of the pairs B,C,D there are only friends of A1. Wlog,

say that this pair is B. One of the persons in this pair must be a friend of A2; call

this person B1. Now swap A1 with B1 and the new pairs A and B are good, as

desired.

Remark. Consider the graph with vertices in the eight persons and edges

corresponding to each pair of friends. The degree of each vertex is at least 4, so,

according to Dirac’s theorem there exists a hamiltonian cycle. Taking 4 edges with

no common endpoint from this cycle, we get 4 good pairs, as needed.

Problem 18. A set of points is called free if there is no equilateral triangle

whose vertices are among the points in the set. Show that any set of n points in the

plane contains a free subset of at least
√
n points.
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Solution. Given a set X of n points in the plane, consider a maximal free

subset Y made of m elements, hence such that any point in X \ Y completes

an equilateral triangle with (at least) a pair of points from Y . (Any X contains

free subsets, since any subset with 1 or 2 elements is obviously free). But for any

pair of points from Y there exist only two points in the plane which complete an

equilateral triangle, so

n−m 6 2

(

m

2

)

, that is n 6 m2, or m >
√
n.

One checks the validity of this result for small values (1, 2, 3) of n too (while the

coplanarity restriction is obvious).

Problem 19. A 8 × 8 square board is divided into 64 unit squares. A “skew-

diagonal” of the board is a set of 8 unit squares with the property that each row

or column of the board contains only one unit square of the set. Checkers are

placed in some of the unit squares so that each “skew-diagonal” has exactly 2

squares occupied by checkers. Prove that there exist two rows or two columns

which contain all the checkers.

Solution. Label the rows from 1 to 8 and the columns from 1 to 8. The unit

square which lies on the row i and the column j will be referred as (i, j).

On the skew-diagonal {(i, i) | i = 1, 2, . . . , 8} there are exactly 2 squares

in which checkers were placed; wlog, assume that the squares are (1, 1), (2, 2).

Looking at the 6 × 6 sub-array Q determined by the rows 3-8 and the columns

3-8, we see that any “skew-diagonal” of Q, togheter with (1, 1), (2, 2), is a skew-

diagonal of the initial array. In view of the given conditions, no checkers are

placed in the squares of Q. Now take any skew-diagonal of Q with the squares

(2, 1), (1, 2); this is a skew-diagonal of the initial array, and the two checkers are

placed inside (2, 1), (1, 2).

Up to the point, we know that checkers are placed in the squares on the rows 1-

2 or on the columns 1-2. Suppose by way of contradiction that there exist a square

located on the first two rows - say (i,m), i = 1, 2,m > 3 - and a square on the

first two columns - say (s, j), j = 1, 2, s > 3 - that hold checkers. Then squares

(i,m), (s, j), (3− i, 3− j) belongs to a skew-diagonal, contradiction.
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Problem 20. Let 1 6 m < n be positive integers, and consider the set M =

{(x, y);x, y ∈ N∗, 1 6 x, y 6 n}. Determine the least value v(m,n) with the

property that for any subset P ⊆ M with |P | = v(m,n) there exist m+1 elements

Ai = (xi, yi) ∈ P , i = 1, 2, . . . ,m + 1, for which the values xi are all distinct,

and yi are also all distinct.

Solution. We claim v(m,n) = mn+ 1.

Partition M into n sets Pk = {(x, y);n | x + y − k}, k = 1, 2, . . . , n. The

pigeonhole principle now forces (at least) m+ 1 elements from P , be them Ai =

(xi, yi), to belong to a same Pk. Now, if we assume xi = xj , then from xi + yi −
k ≡ xj + yj − k (mod n) it follows n | yi − yj , but as yi, yj ∈ {1, 2, . . . , n}, it

follows yi = yj , i.e. Ai = Aj .

Conversely, mn+ 1 is the least cardinality of P to warrant the claimed result;

for |P | = mn, one can pick P = {(x, y); 1 6 x 6 m, 1 6 y 6 n}; then any

m + 1 elements from P , be them Ai = (xi, yi), will share at least one xi = xj

(pigeonhole principle again).

Problem 21. Let ABC be a triangle right-angled at A and let D be a point

on the side AC. Point E is the mirror image of A across BD and point F is the

intersection of the line CE with the perpendicular line from D to CB. Show that

the lines AF,DE and CB are concurrent.

Solution. Line BC meet DF,AE at points T,G respectively. Using Ceva’s

theorem, it suffices to prove that

CF

FE
· EG

GA
· AD
DC

= 1,

since only one or all points D,F,G lies on the sides of the triangle AEC.

Observe that ∠BAD = ∠BED = ∠BTD = 90◦, so points A,C,E, T,D

lies on the circle of diameter BD. Then ∠FDE = ∠TBE
not
= α and ∠TDC =

∠ABC
not
= β. Moreover, DE = DA and AB = BE. The law of sinuses gives

FE

sinα
=

DE

sin∠EFD
,

DC

sin∠CFD
=

FC

sinβ
,
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and since sin∠EFD = sin∠CFD we have

CF

FE
=

DC

DA
· sinβ
sinα

. (3)

On the other hand,

EG

sinα
=

BE

sin∠EGB
=

BA

sin∠AGB
=

AG

sinβ
,

hence
EG

GA
=

sinα

sinβ
. (4)

Multiplying the inequalities (1) and (2) concludes the proof.

Alternative solution. Let H be the intersection point of the lines DF and AE.

The claim is equivalent to AG
GE

= AH
HE

, in other words the pairs of points A,E and

G,H are harmonical conjugates.

Since I is the midpoint of the segment AE, the claim reduces to IG · IH =

IA2.

The segment AI is an altitude in the right-angled triangle ABD, so AI2 =

ID · IB.

Angles ∠HTB and ∠HIB are right, so the points H,T, I, B are cocyclic. It

follows that ∠DHI = ∠IBG and further, ∆DHI ∼ ∆IBG. Hence ID
IH

= IG
IB

,

so ID · IB = IH · IG. the conclusion is now obvious.

Problem 22. An irrational number x, 0 < x < 1 is called suitable if its first 4

decimals in the decimal representation are equal. Find the smallest positive integer

n such that any real number t, 0 < t < 1 may be written as a sum of n distinct

suitable numbers.

Solution. At first, we look for a lower margin of n. The number 0, 1111 can

be written as a sum of n distinct suitable numbers, all starting with 0, 0000 . . .,

therefore lower than 0.0001. Hence if 0.1111 = a1 + a2 + . . . + an, with ak <

0.0001, then 0.1111 < n · 0.0001, or n > 1111. Thus n is at least 1112.

We claim that 1112 is the requested number. Let t ∈ (0, 1) be a real number.

If t > 0.1111, choose a suitable number of the form y = 0.xxxx . . . so that

y < t 6 y + 0.1111. The other suitable numbers will have the form 0, 0000 . . .,
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so they are different from y. We have 0 < t − y 6 0, 1111. Because 0 < t−y
1112 6

0.1111
1112 < 0.0001, the first four decimals of the number u = t−y

1112 are all equal to 0.

Choose an irrational number e, small enough not to change the first four decimals

of the numbers u+ e, u+2e, . . . , u+1111e, and such that all -plus y+u+ e- are

left irrationals. Then

t− y = (u+ e)+ (u+2e)+ (u+3e)+ ...+(u+1111e)+(u− 1111 · 1112 · e
2

).

As previously stated, number e was selected so that all summands are irra-

tional, suitable numbers with the first four decimals 0 and paiwisely distinct - in

other words, different from the last one. Consequently,

t = (y+u+ e)+ (u+2e)+(u+3e)+ ...+(u+1111e)+(u− 1111 · 1112 · e
2

).

The number y + u + e starts with 0.xxxx, while the others with 0.0000, so

they are suitable. Since t is now represented as required, the proof is concluded.


