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Problem 1. Determine the prime numbers p for which the number a = 7p − p− 16 is a
perfect square.

Lucian Petrescu

Solution.
p = 2 does not fulfill the requirement, but p = 3 does: a = 73 − 3− 16 = 324 = 182. We
show that there are no other solutions. Let p ≥ 5 be a prime number. If p ≡ 1 (mod 4),
then a ≡ 2 (mod 4), which shows that a is not a perfect square. If p > 3 is a prime of the
form 4k + 3, then, from Fermat’s Little Theorem it follows that 7p ≡ 7 (mod p), hence
a ≡ −9 (mod p), i.e. p | a + 9. If a is a perfect square, then p divides a + 9 = b2 + 32

would lead to p divides b and p divides 3, which is not possible. In conclusion, the only
solution to the problem is p = 3.

Problem 2. Let ABC be an acute triangle, with AB 6= AC. Let D be the midpoint of
the line segment BC, and let E and F be the projections of D onto the sides AB and
AC, respectively. If M is the midpoint of the line segment EF , and O is the circumcenter
of triangle ABC, prove that the lines DM and AO are parallel.
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Solution.
let S be the intersection point of the lines AO and BC. Let T be the point in which the line
AD meets again the circumcircle of triangle ABC. The quadrilaterals ABTC and AEDF
are cyclic, hence ∠TBD = ∠TAC = ∠DEF and ∠TCD = ∠TAB = ∠DFE. It follows
that the triangle DEF and TBC are similar. Then we have TB

DE
= BC

EF
= BC/2

EF/2
= BD

EM
. This

shows that the triangles TBD and DEM are also similar, hence ∠EDM = ∠BTD =
∠ACB, which leads to ∠BDM = ∠BDE + ∠EDM = 90◦ − ∠ABC + ∠ACB. From
∠OAC = 90◦ − ∠ABC, it follows that ∠ASB = ∠SAC + ∠ACB = 90◦ − ∠ABC +
∠ACB = ∠MDB, which means that AS is parallel to MD.



Problem 3. Let ABCD be a cyclic quadrilateral. The line parallel to BD passing
through A meets the line parallel to AC passing through B at E. The circumcircle of
triangle ABE meets the lines EC and ED, again, at F and G, respectively. Prove that
the lines AB, CD and FG are either parallel or concurrent.

Severius Moldoveanu

Solution. Angles ∠ACB and ∠ADB are equal, therefore points C and D are either
both in the interior of the circumcircle of triangle ABE, or both on this circle, or both
outside this circle. Thus we distinguish three cases: 1. F ∈ (EC) and G ∈ (ED), 2.
F = C, G = D (in this case the statement of the problem is obvious), 3. C ∈ (EF ),
D ∈ (EG). We only treat the first case, the last one being similar. We have ∠GDC =
∠GDB + ∠BDC = ∠GEA + ∠BAC = AG

2
+ ∠ABE = AG+AE

2
= ∠GFE, which shows

that the quadrilateral FGDC is cyclic. We notice that line AB is the radical axis of the
circumcircles of triangle ABE and quadrilateral ABCD, line FG is the radical axis of
the circumcircles of triangle ABE and quadrilateral FGDC, and line CD is the radical
axis of the circumcircles of the quadrilaterals ABCD and FGDC. It is well known that
the radical axis of three circles are either parallel (if the three centers are collinear) or
concurrent (in the radical center of the three circles).

Problem 4. Consider n weights, n ≥ 2, of masses m1, m2, . . ., mn, where mk are
positive integers such that 1 ≤ mk ≤ k for all k ∈ {1, 2, . . . , n}. Prove that we can place
the weights on the two pans of a balance such that the pans stay in equilibrium if and
only if the number m1 + m2 + . . . + mn is even.

Estonian Olympiad

Solution 1.
Obviously, if the two pans can stay in equilibrium, the sum of the masses must be even
(namely twice the sum of the masses of the weights placed on one of the pans of the
balance).
Conversely, we prove by ”strong” induction after n that, if the sum of the masses is even,
then one can place the weights conveniently. Assume the statement to be true for any

2



k < n weights whose total mass is even. We distinguish to cases:
• if mn−1 = mn, then m1 + m2 + . . . + mn−2 is even, hence, according to the inductive
hypothesis for k = n− 2, we can place these weights on the two pans of the balance such
that the balance stays in equilibrium. Now we simply add the two weights of mass mn,
one in each pan, and the balance remains in equilibrium.
• If mn 6= mn−1, instead of the two weights we produce a new one of mass m =
|mn − mn−1|. Then 1 ≤ m ≤ n − 1 and the sum of the masses of these n − 1 weights,
m1 + m2 + . . . + mn−2 + m = m1 + m2 + . . . + mn − 2 · min{mn−1,mn}, is even. From
the inductive hypothesis for k = n− 1 it follows that we can place these n− 1 weight on
the pans of the balance such that the balance stays in equilibrium. Now, instead of the
weight of mass |mn−mn−1| we put the weight max{mn−1, mn}, and on the other pan we
put the weight of mass min{mn−1, mn}; the balance stays in equilibrium.
The statement is thus proven.

Solution 2. Obviously, if the two pans can stay in equilibrium, the sum of the masses
must be even (namely twice the sum of the masses of the weights placed in one of the
pans of the balance).
Conversely, assume that the total mass is even. We place the weight of mass mn on one
of the pans. The modulus of the difference of the total weights of the two pans is mn ≤ n.
We place successively the weights of masses mn−1, mn−2, . . . , m1 on the pan whose total
mass is smaller. (In case the two pans are in equilibrium, we place the weight on any of
two pans.) After placing the weight of mass mk, the difference between the total masses on
the two pans is at most k. Proceeding this way, we insure that in the end, after placing the
weight of mass m1 = 1, the modulus of the difference between the two pans is at most 1.
But the total mass being even, it follows that the difference is 0, which is what we wanted.
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