
TUYMAADA juniors - 2003

Day 1

1. A 2003 × 2004 rectangle consists of unit squares. We consider rhombi formed
by four diagonals of unit squares. What maximum number of such rhombi can be
arranged in this rectangle so that no two of them have any common points except
vertices? (A. Golovanov)

(problem 1 from the seniors; for solutions, see AoPS.)

2. Determine all positive integers n such that 3n+1 and 6n−2 are perfect squares,
and 6n2 − 1 is a prime number.

3. In the acute triangleABC, I is the incenter, O is the circumcenter, and Ia is the
excenter relative to the vertex A. Point A′ is the reflection of point A across the
line BC. Prove that ∠IOIa ≡ ∠IA′Ia.

4. Positive integers a1, a2, . . . , an satisfy
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for all k.

Day 2

5. Prove that for all real numbers x, y the following inequality holds:
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6. The numbers from 1 through 100 are written on a circle in some order. We say
that a pair of numbers on the circle is good if the two numbers are not neighbors
on the circle and if on at least one of the two arcs determined by the two numbers
only contains numbers smaller then both numbers. WHat can be the total number
of good pairs on the circle?

7. From point K situated outside the circle ω, we draw the tangents KB and KD
to this circle (B and D are the touchpoints) and a line that intersects the circle at
points A and C. The angle bisector of ∠ABC intersects the line segment [AC] at
E and the circle ω at F . Prove that ∠FDE = 90◦.

8. Some people attend a party. Prove that the participants can be separated into
two rooms such that each participant has an even number of acquaintances in the
same room with him. (It is possible that one of the two rooms stays empty.)

https://artofproblemsolving.com/community/c6h147345p833303

