
TUYMAADA juniors - 2004

Day 1

1. A rational number is written on the blackboard. Every minute, Vasia replaces
the number r written on the blackboard with the number

√
r + 1. Prove that,

eventually, an irrational number will be written on the board.

2. For which values of the positive integer n, n ≥ 3, can the numbers 1 through n
be written on a circle such that no number is greater than 60% of the sum of its
neighbors? (A. Hrabrov)

3. Let O be the circumcenter of an acute triangle ABC. A circle passing through B
and C intersects sides AB and AC of the triangle. On the arc of this circle situated
in the interior of the triangle, consider points D and E such that the line segments
[BD] and [CE] pass through O. The perpendicular dropped from point D onto
AB intersects the perpendicular dropped from E onto AC at point M . Prove that
points A, M and O are collinear. (F. Bakharev)

4. Consider two disjoint finite sets of positive, A and B, having n, and m elements,
respectively. It is known that all k belonging to either A or B satisfies at least one
of the following conditions: k + 17 ∈ A, k − 31 ∈ B.
Prove that 17n = 31m. (C. Gonciulea)

Day 2

5. 50 knights of King Arthur sat at the Round Table. A glass of white or red wine
stood before each of them. It is known that at least one glass of red wine and at
least one glass of white wine stood on the table. The king clapped his hands twice.
After the first clap every knight with a glass of red wine before him took a glass
from his left neighbor. After the second clap every knight with a glass of white
wine (and possibly something more) before him gave this glass to the left neighbor
of his left neighbor. Prove that some knight was left without wine. (A. Hrabrov,
incorrect translation from Hungarian)1

(problem 5 from the seniors, for solutions, see AoPS)

6. We call a positive integer good if the sum of the reciprocals of all its natural
divisors are integers. Prove that if m is a good number, and p > m is a prime
number, then pm is not good. (A. Golovanov)

(for a solution, see AoPS)

1Unclear what might be incorrect in the translation. The problem is correct.
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https://artofproblemsolving.com/community/c6h491491p2756495
https://artofproblemsolving.com/community/c6t177f6h1837582s1_pos_integer_with_integer_sum_of_the_reciprocals_of_all_its_natural_divisors


7. The incircle of triangle ABC touches its sides AB and BC at points P and
Q. The line PQ meets the circumcircle of triangle ABC at points X and Y. Find
∠XBY if ∠ABC = 90◦.. (A. Smirnov)

(problem 6 from the seniors, for solutions, see AoPS)

8. Zeros and ones are arranged in all the squares of n× n table. All the squares of
the left column are filled by ones, and the sum of numbers in every figure of the

form (consisting of a square and its neighbors from left and from below) is
even. Prove that no two rows of the table are identical. (O. Vanyushina)

(problem 7 from the seniors, for solutions, see AoPS)
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https://artofproblemsolving.com/community/c6h151115p850732
https://artofproblemsolving.com/community/c6h151117p850733

