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Problem 1. Find the integer solutions of the equation

x2(x2 + 1) = 21y − 1.

Problem 2. Prove that for any real numbers a1, a2, . . . , an, n ∈ N, there exists a
real number x such that the numbers x+ a1, x+ a2, . . . , x+ an are all irrational.

Problem 3. One a line, there are 51 positive integers whose sum is 100. Prove
that, for all positive integers k, 1 ≤ k ≤ 99, one can find either a succession of
numbers on the line whose sum is k, or a succession of numbers whose sum is 100−k.

Problem 4. Consider a cyclic quadrilateral ABCD and let M and N be the
midpoints of the diagonals AC and BD, respectively. If ∠AMB = ∠AMD, prove
that ∠ANB = ∠BNC.
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Problem 1. Find the integer solutions of the equation

x2(x2 + 1) = 21y − 1.

Lucian Petrescu

Solution 1: The equation can be written as x4−x2+1 = 21y, i.e. (x2−x+1)(x2+
x + 1) = 21y. The number in the left hand side is an integer, therefore y must be
non-negative. It is easy to see that x2 − x + 1 and x2 + x + 1 are co-prime. As
0 < x2 − x + 1 < x2 + x + 1, we can only have x2 − x + 1 = 1, x2 + x + 1 = 21y

or x2 − x + 1 = 3y, x2 + x + 1 = 7y. The first case leads to x ∈ {0, 1} and then
to the solution x = y = 0. In the second case, from the first equation we have
(2x − 1)2 = 4 · 3y − 3, hence 3 | (2x − 1)2. It follows that 9 | 4 cot 3y − 3 i.e.
3 | 4 · 3y−1 − 1, and therefore y = 1. We immediately obtain x = ±2. Thus, the
equation has three solutions: x = y = 0 and x = ±2, y = 1.
Solution 2: The equation can be written (2x2 + 1)2 = 4 × 21y − 3. The number
in the left hand side is an integer, therefore y must be non-negative. If y = 0 we
immediately get x = 0. For y = 1, we get x = ±2. For y ≥ 2, the number 4 ·21y−3
is divisible by 3 but not by 9, and so it can not be a perfect square.

Problem 2. Prove that for any real numbers a1, a2, . . . , an, n ∈ N, there exists a
real number x such that the numbers x+ a1, x+ a2, . . . , x+ an are all irrational.

Solution: Consider y1 < y2 < . . . < yn < yn+1, irrational numbers such that
yj − yi is irrational for all 1 ≤ i < j ≤ n + 1. (One could take, for example,
y < 2y < 3y < . . . < (n+ 1)y, where y is irrational.) We plan to prove that one of
these irrational numbers can be chosen as x. Assume the contrary to be true, i.e.
for each yk, at least one of the numbers yk + a1, yk + a2, . . . , yk + an is rational.
But there are n+ 1 choices for yk, and only n choices for am such that yk + am is
rational. By the Pigeon Principle, it follows that there must be an index m and
two irrational numbers yi, yj such that am + yi and am + yj are both rational. But
this would mean that their difference, yj − yi, is also rational, which contradicts
the choice of the numbers yk.

Problem 3. One a line, there are 51 positive integers whose sum is 100. Prove
that, for all positive integers k, 1 ≤ k ≤ 99, one can find either a succession of
numbers on the line whose sum is k, or a succession of numbers whose sum is 100−k.

Solution:
Let a1, a2, . . . , a51 the 51 numbers with a1 + a2 + . . . + a51 = 100. On a circle of
total length 100 we place 100 points such that the length of the arc between any
two neighboring points (of these 100) is equal 1. We fix one of these points and
we denote it by A1. Then, we mark on the circle points A2, A3, . . . , A51, in this
order, such that the length of each arc AiAi+1 is ai for all i = 1, 50. Clearly, the
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length of the arc A51A1 will be a51. We color the points A1, A2, . . . , A50 with blue,
and the other 49 points with red. We prove that for all k ∈ 1, 99 we can find two
blue points, Ai and Aj such that the lengths of the two arcs determined by these
two points are k and 100 − k. It is sufficient to prove this statement foe kleq50.
For k = 50 we have 51 blue points, so there must be a pair of blue points that
are diametrically opposed. For k < 50, consider for each blue point Aj the points
B such that the length of the arc AjB is k. There are two such points for each
point Aj. If any of these points is blue, we have found an arc AiAj of length k.
Assume all these points B are red; each of these points B has been considered
at most twice, but each blue point uses two red ones. Thus, 51 blue points re-
quire 51 red ones, but only 49 are available. We conclude that our assumption was
false, therefore an arc AiAj of length k must exist. Now we cut the circle at A1

and turn it into a line segment. For all k, we might have thus cut one of the arcs
AiAj, either the one of length k or the one of length 100− k, but not both. Thus,
for all k, either a line segment AiAj of length k, or one of length 100−k, must exist.

Problem 4. Consider a cyclic quadrilateral ABCD and let M and N be the mid-
points of the diagonals AC and BD, respectively. If ∠AMB = ∠AMD, prove that
∠ANB = ∠BNC.

Solution 1: (Cristian Mangra)
Lemma: Let ABCD be an isosceles trapezoid (AB ‖ CD) inscribed in a circle C
of center O, M is the intersection point of the diagonals AC and BD, and T is
the intersection point of lines AD and BC. If the line through M parallel to AB
meets the circle C at E and F , then TE and TF are tangent to the circle.
Proof of the Lemma: Assume AB < CD. It is clear that points T , M and O are
collinear. Also, ∠AOT = 1

2
∠AOB = ∠ACT , which means that the quadrilateral

TAOC is cyclic. From the power of point M with respect to the circumcircle of
triangle AOC we get MA ·MC = MO ·MT . But MA ·MC = ME ·MF from the
power of M with respect to C , so MO ·MT = ME ·MF . This means that TEOF
is cyclic, so ∠TEO + ∠TFO = 180◦. But ∠TEO = ∠TFO, hence ∠TEO = 90◦,
i.e. TE is tangent to C .

3



Let us now return to the problem. Denote by E and F the second intersection
points with the circle C of lines BE, and DE, respectively. Because M is the mid-
point of the diagonal AC, and angles AMB and AMD are equal, it follows that
BDEF is an isosceles trapezoid (it is symmetric with respect to the perpendicular
bisector of AC). Moreover, BF ‖ DE ‖ AC. If lines BD and EF meet at T , from
the lemma it follows that TA and TC are tangent to the circumcircle of ABCD.
If O is the center of this circle, it follows that OA ⊥ TA and OC ⊥ TC. As N is
the midpoint of BD, we have ON ⊥ BD. Thus, points A, N , and C all lie on the
circle of diameter OT . Assume ∠B > ∠D (if ∠B < ∠D, simply swap B and D;
the case ∠B = ∠D is easy). In this case, ∠ANB = ∠AOT , and ∠TNC = ∠TOC.
But ∠AOT ≡ ∠COT means ∠ANB = ∠CNT = ∠CNB.

Solution 2: (given in the contest by David-Andrei Anghel)
We only treat the case in the figure below; the other cases are similar.
Let O be the circumcenter of triangle ABC. O is on the perpendicular bisector
of BD but also on the external bisector of angle BMD (it is perpendicular to
MA, the internal bisector of that angle). It is known that these two lines meet on
the circumcircle of triangle BMD (in the midpoint of the arc BMD), therefore
BDOM is cyclic. We obtain that angles BMD and BOD are equal. It follows
that ∠BCD = 1

2
∠BOD = 1

2
∠BMD = ∠BMA. As ∠BAM = ∠BDC, triangles

BAM and BDC are similar. It follows that AM
AB

= CD
BD

, which leads to AC ·BD =
2AB ·CD. But according to Ptolemyş Theorem, AC ·BD = AB ·CD+BC ·AD,
therefore AB · CD = BC · AD, i.e. the quadrilateral ABCD is harmonic.
This leads to the similarity of triangles ANB and ADC. Also, triangles CNB and
CDA are similar. The two similarities imply ∠ANB = ∠ADC = ∠BNC.
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